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Abstract 

The existence of a random attractor for the stochastic FitzHugh-Nagumo system defined on 
an unbounded domain is established. The pullback asymptotic compactness of the stochastic 
system is proved by uniform estimates on solutions for large space and time variables. These 
estimates are obtained by a cut-off technique. 
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1 Introduction 

In this paper, we investigate the asymptotic behavior of solutions of the following stochastic 
FitzHugh-Nagumo system defined on R n : 

du + (An - An + av)dt = (f(x,u) + g)dt + 4>\dwi, x G 1", t > 0, 

dv + (5v - (3u)dt = hdt + 4> 2 dw 2 , x£R n , t > 0, 

where A, a, 5 and (3 are positive constants, g G L 2 (R n ) and h G H 1 (M n ) are given, 4>i G H 2 (W l ) n 
W 2 ' p (M. n ) for some p > 2, 02 G if 1 (M n ), / is a nonlinear function satisfying certain dissipative 
conditions, u>i and w 2 are independent two-sided real-valued Wiener processes on a probability 
space which will be specified later. 

* Supported in part by NSF grant DMS-0703521 



1 



It is known that the asymptotic behavior of a random system is determined by a pullback random 
attractor. The concept of random attractors was introduced in [12, [13] , which is an analogue of 
global attractors for deterministic dynamical systems as studied in [SI 116 | |2"3" 1 1261 f29] . When PDEs 
are defined in bounded domains, the existence of random attractors has been investigated by many 
authors, see, e.g., [3], [TUl [HI [T2J [13] and the references therein. However, in the case of unbounded 
domains, the existence of random attractors is not well understood. It seems that the work [9] 
by Bates, Lu and Wang is the only existence result of random attractors for PDEs defined on 
unbounded domains, where a random attractor for the Reaction-Diffusion equation on R n was 
established. In this paper, we will study such attractors for the stochastic FitzHugh-Nagumo 
system defined on unbounded domains. 

Notice that Sobolev embeddings are not compact when domains are unbounded. This introduces 
a major obstacle for proving the existence of attractors for PDEs on unbounded domains. For 
some deterministic PDEs, such difficulty can be overcome by the energy equation approach that 
was developed by Ball in [6j[7] and used in [TJJ [151 El US Ell ESI EE] ) . Under certain circumstances, 
the tail-estimates method must be used to deal with the problem caused by the unboundedness 
of domains. This approach was developed in (30| for deterministic parabolic equations and used 
in [D [21 HI [191 [221 EH [271 EH]. Recently, the authors of [9] extended the tail-estimates method to 
the stochastic parabolic equations. In this paper, we will use the idea of uniform estimates on the 
tails of solutions to investigate the asymptotic behavior of the stochastic FitzHugh-Nagumo system 
defined on R n . 

This paper is organized as follows. In the next section, we review the pullback random attractors 
theory for random dynamical systems. In Section 3, we define a continuous random dynamical 
system for the stochastic FitzHugh-Nagumo system on R n . Then we derive the uniform estimates 
of solutions in Section 4, which include the uniform estimates on the tails of solutions. Finally, we 
establish the asymptotic compactness of the random dynamical system and prove the existence of 
a pullback random attractor. 

In the sequel, we adopt the following notations. We denote by || • || and (•, •) the norm and the 
inner product of L 2 (M. n ), respectively. The norm of a given Banach space X is written as || • \\x- 
We also use || • || p to denote the norm of L p (W n ). The letters c and q (i = 1,2, . . .) are generic 
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positive constants which may change their values from line to line or even in the same line. 



2 Preliminaries 

In this section, we recall some basic concepts related to random attractors for stochastic dynamical 
systems. The reader is referred to UT\ [13] for more details. 

Let (A, || • \\x) be a separable Hilbert space with Borel cr-algebra B(X), and (p,,T, P) be a 
probability space. 

Definition 2.1. (f2, J 7 , P, (0t)teM.) is called a metric dynamical system if 9 : R X — ^ is 
(<6(R) x J~, ^-measurable, 9q is the identity on Q, 9 s+ t = @t ° @s for all s,t E R and OfP = P for 
all t G R. 

Definition 2.2. A continuous random dynamical system (RDS) on X over a metric dynamical 
system (O, F,P, (9 t )tm) is a mapping 

$:R + x!]xI^I (t,cj,x) ^ $(t,u;,3;), 

which is (,6(R + ) x T x B(X), Z3(A))-measurable and satisfies, for P-a.e. u; G $7, 

(i) $(0, W, •) is the identity on X; 

(ii) $(t + s, uj, •) = $(t, <9 s w, •) o $( s , u, •) for all i, s € R + ; 
(hi) u, •) : X — ► X is continuous for all t G M + . 

Hereafter, we always assume that $ is a continuous RDS on X over (O, J 7 , P, (^t)tea). 

Definition 2.3. A random bounded set {B^^^en of A is called tempered with respect to (6t)teR 
if for P-a.e. w G fi, 

lim e~ l3t d{B(9- t uj)) = for all /3 > 0, 

where d(B) = sup xeB \\x\\x- 

Definition 2.4. Let I? be a collection of random subsets of X. Then D is called inclusion-closed 
if D = {D(oj)}^ en G T> and D = {D{uj) C A : w G ft} with C for all w G imply that 

DEV. 
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Definition 2.5. Let P be a collection of random subsets of X and {K(lo)} W £q, G T>. Then 
{Kfa)}^^ is called an absorbing set of $ in 2? if for every B G T> and P-a.e. uj G there exists 
tsioS) > such that 

$(t, S-tW, B(9- t w)) Q K{uo) for all t > t B (w). 

Definition 2.6. Let P be a collection of random subsets of X. Then <3? is said to be P-pullback 
asymptotically compact in X if for P-a.e. to G Q, {^(t n ,6-t n cj,x n )}^ =1 has a convergent subse- 
quence in X whenever t n — > oo, and x n G B{9—t n uj^ with {^(cj)}^^^ G P. 

Definition 2.7. Let P be a collection of random subsets of X and {A{oj)} w ^.q, G T>. Then 
{A(uj)} U £n is called a P-random attractor (or D-pullback attractor) for $ if the following con- 
ditions are satisfied, for P-a.e. well, 

(i) A(uj) is compact, and w i— > d(x,A(u))) is measurable for every i£l; 

(ii) {^4(w)} aJg Q is invariant, that is, 

*(t, u, .4(0;)) = ^(^w), V t > 0; 

(iii) {«4(tj)} we n attracts every set in P, that is, for every B = {B(u)}uen G V, 

lim d($(t,0_iW,£(0_ t u;)),.A(u;)) = 0, 

t— *oo 

where d is the Hausdorff semi-metric given by d(Y,Z) = sup^gy inf z ^z \\y — z\\x f° r an Y Y C X 
and ZCI 

The following existence result on a random attractor for a continuous RDS can be found in [8|ll3j. 

Proposition 2.8. Let T> be an inclusion-closed collection of random subsets of X and $ a con- 
tinuous RDS on X over (0, J 7 , P, (0t)teM.)- Suppose that {K{u)} w ^q, is a closed absorbing set of & 
in T> and $ is T>-pullback asymptotically compact in X. Then <I> has a unique D-random attractor 
{„4(u;)} we n which is given by 

= n u *(t,o-tv,K(e-tto))- 

T>0 t>T 

In this paper, we will take T> as the collection of all tempered random subsets of L 2 (W n ) x L 2 (M n ) 
and prove the stochastic FitzHugh-Nagumo system on R n has a P-random attractor. 
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3 Stochastic FitzHugh-Nagumo system on R n 

In this section, we discuss the existence of a continuous random dynamical system for the stochastic 
FitzHugh-Nagumo system defined on M. n : 

du+(\u-Au + av)dt = (f(x,u)+g)dt + <f> 1 dw 1 , x G R n , t > 0, (3.1) 

dv + (Sv - (5u)dt = hdt + fadw, x G M n , t > 0, (3.2) 
with the initial conditions: 

u(z,0) = u (x), v{x,0) = v {x), (3.3) 

where A, a, S and (3 are positive constants, g G L 2 (R n ) and /i G i? 1 (R n ) are given, 0i G i7 2 (R n ) n 
Ty 2 ' p (IR n ) for some p > 2, 02 G if^R"), i«i and W2 are independent two-sided real-valued Wiener 
processes on a probability space which will be specified below, and / is a nonlinear function satis- 
fying the conditions, Vx G R n and s G R, 

f(x,s)s < -ai|s| p + ^i(x), (3.4) 

l/foaJl^aaM^+^Ma;), (3.5) 
^-(x, S )<(3, (3.6) 

<V 3 (s), (3.7) 

where a ± , a 2 and /? are positive constants, fa G L 1 (R n ) n L°° (R n ) , and ^ 2 G L 2 (i? n ) n L q (R n ) with 
J + \ = 1, and € L 2 (R n ). 

In the sequel, we consider the probability space (O,,^, P) where 

n = {uj = (o^wa) G C(R,R 2 ) : w(0) = 0}, 

T is the Borel cr-algebra induced by the compact-open topology of Q, and P the corresponding 
Wiener measure on (f2,.F). Then we have 

(u;i(t,u;),u;2(t,w)) = w(t), i G R. 
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Define the time shift by 

O t u(-)=u(- + t)-u(t), ue!!, ieR. 
Then P, (9t)teM.) is a measurable dynamical system. 

Consider the stationary solutions of the one-dimensional equations 

dyi + Xy%dt = dwi(t), (3-8) 

and 

dy 2 + 5y 2 dt = dw 2 (t). (3.9) 



The solutions to (|3.8|) and (|3.9p are given by 



yi (6 t ui) = -A / e Ar (^i)(r)dr, t G M, 

J — oo 

and 

/•O 

2/2(^2) = -M e 5T (^ 2 )(r)dr, i G M. 

J — oo 

Note that there exists a ^-invariant set !1 C [! of full P measure such that yj(9ttOj) (j = 1,2) 
is continuous in t for every w G O, and the random variable \yj(ujj)\ is tempered (see, e.g., [8]). 
Therefore, it follows from Proposition 4.3.3 in [3] that there exists a tempered function r{u)) > 
such that 

^(|%-K)| 2 + l%-MI P )<rM. (3.10) 
where r(cj) satisfies, for P-a.e. well, 

r(0 t u;) < eal*lr(w), t € R, (3.11) 

where 77 = min{A, <5}. Then it follows from (|3.10p - (|3.1ip that, for P-a.e. u £ $7, 

2 

£(|y#t^)| 2 + |y#t^-)| p ) <eil*lr(u;), tel. (3.12) 

3=1 

Putting Zj(9tu>) = (j)jyj(0 t iOj), by f|3.8j) and f|3.9|) we have 

d^i + A^icft = (f>idwi, 
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and 

dz2 + bzidt = 4>2dW2- 

Let u = u(t) — zi(9 t u>) and v = v(t) — Z2(9tLu), where (u,v) satisfies (|3.ip - (|3.3p . Then for (u,v), we 
have 

du 

— + \u - Aw + av = f(x,u + zi(9 t u)) + g + Azi(9 t uj) - az 2 (9 t uj), (3.13) 
at 

and 

dv 

— + 5v-f3u = h + f3z 1 {9 t uj). (3.14) 

By a Galerkin method as in [18], it can be proved that if / satisfies (I3.4p - (13.7p . then for P- 
a.e. w e (1 and for all (u ,v ) £ L 2 (R n ) x L 2 (W l ), system (f37T3]) - (f37T^|) has a unique solution 
(u(-,u,uo),v(-,u,vq)) G C([0, oo), L 2 (M n ) x L 2 (M n )) with it(0,u;,no) = and C(0,o;, «o) = ^o- 
Further, the solution (u(t, u>, Ho), v(t, u, %)) is continuous with respect to (uq,vo) in L 2 (W 1 ) x L 2 (M. n ) 
for all t > 0. Throughout this paper, we always write 

u(t,oj,u ) = u(t,u},u - zi(uj)) + zi(9 t uj), v(t,u,v ) = v(t,uj,v - z 2 {uj)) + z 2 (9 t uj). (3.15) 

Then (n, t>) is a solution of problem (|3.ip - (|3.3p in some sense. We now define a mapping <I> : 

R + x!lx (L 2 (R n ) x L 2 (M n )) -» L 2 (M n ) x L 2 (M n ) by 

$(t,w,(uo,«o)) = (u(t,w,u ),u(t,a;,t;o)), V (t, w, («o, «o)) £ 1 + x x (L 2 (r ) x L 2 (R n )). (3.16) 

Note that $ satisfies conditions (i), (ii) and (iii) in Definition I2.2L Therefore, $ is a continuous 
random dynamical system associated with the stochastic FitzHugh-Nagumo system on M. n . In 
the next two sections, we establish uniform estimates for <3? and prove the existence of a random 
attractor. 

4 Uniform estimates of solutions 

In this section, we derive uniform estimates on the solutions of the stochastic FitzHugh-Nagumo 
system defined on R n when t — > oo. These estimates are necessary for proving the existence of 
bounded absorbing sets and the asymptotic compactness of the random dynamical system asso- 
ciated with the system. Particularly, we will show that the tails of the solutions for large space 
variables are uniformly small when time is sufficiently large. 
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From now on, we always assume that T> is the collection of all tempered subsets of L 2 (W l )xL 2 (M n ) 
with respect to (£l,J-,P, (9t)teM,)- The next lemma shows that $ has an absorbing set in T>. 

Lemma 4.1. Assume that g,h G L 2 (R n ) and (j3T4~|) - (j3~7T|) hold. Then there exists {K(uj)}uen & D 
such that {K(uo)} w( z£i is a closed absorbing set for <I> in T>, that is, for any B = {B^uj)}^^ £ T> 
and P-a.e. to G £1, there is Tb(uj) > such that 

$(t, 6-tV, B{6_ t uj)) C K{oj) for all t > T B (cu). 
Proof. Taking the inner product of f)3. 13j) with (3u in L 2 (R ra ) we find that 

\^\\ u \\ 2 + A/?IN| 2 + /3||Vu|| 2 + ap(y,u) 

= (3(f(x, u + zi(6 t u)), u) + /3(g, u) + p(Azi(0tfj), u) - a(3(z 2 (9 t u;),u). (4.1) 
Taking the inner product of (|3.14p with av in L 2 (IR n ) we find that 

-a-^-||£|| 2 + a5||£|| 2 — a/3(v, u) = a(h, v) + a(3(zi(8 t uj),v). (4-2) 

Adding (|4TT|) and P~2j) . we obtain that 

= fi + *i(0 t w)), u) +/?(A*i(0 t w),tZ) 

- a/3(z 2 (9 t uj),u) +a(h,v) + aP(zi(9 t cj), v). (4.3) 

We now estimate every term on the right-hand side of (14. 3h , For the nonlinear term, by (|3.4j) - (13,5j) 
we obtain that 

(f(x,u + zi(0tu)), u) = (f(x,u + zi(0 t v)), u + zi(6 t u))) - (f(x, u + zi(9 t u)), z 1 (8 t u)) 
< — «i / \u\ p dx + / -01 (x)dx — / f(x, u) z\(9t0j)dx 

JR n JR n JR n 

< — ai / \u\ p dx+ / ^i(x)dx + a.2 / |^| p_1 | \zi{8 t uj)\dx + I \ifj 2 \ |zi(#tcj)|dx 
< - ai \\u\\ p p + HVilli + ^«ilM|£ + ci||*i(0 t a;)[IS + l\\M 2 + ^IkiCMII 2 

<-^«ilK + c 2 (lki(MII? + IN (Mil 2 ) +C3- (4.4) 



The second term on the right-hand side of (j4.3j) is bounded by 



P\(g,n)\<P\\g\\\\u\\<^XP\\uf + ^\\gf. (4.5) 



For the third term on the right-hand side of (|4.3j) . we have 



(3\{V Zl {e t u), Vfi)| < ^||V^(MH 2 + \(3\\Vu\\ 2 (4.6) 
Similarly, the remaining terms on the right-hand side of (|4.3[) is bounded by 

ap\(z 2 (6 t uj),u)\ +a\(h,v)\ + ap\(zi(0tu), v) \ 
< \\p\\u\\ 2 + ja 2 p\\z 2 (e t u;)\\ 2 + \a5\\vf + j\\h\\ 2 + \a5\\vf + ^!|| 2l (^)|| 2 . 

< Iguana + l a 2 (3\\z 2 (e t co)f + l^H.^ + « m * + ^!|| 2l(M ||2. (4 . 7) 
Then it follows from (^3]) -(|4?7l) that 

j t (I3\\u\\ 2 + a\\v\\ 2 ) + A/3||u|| 2 + a5\\v\\ 2 + /?||Vu|| 2 + o:i||n||| 

< c 4 + IkiCWII 2 + llv^i(MII 2 + IMMII 2 ) + c 5 . (4.8) 

Note that z x {e t u) = fayi^^) , z 2 (e t to) = fay 2 (9 t uj 2 ), <j) 2 £ H x (R n ) and fa G H 2 (R n ) n W 2 'P(R n ). 
Therefore, the right-hand of (|4.8j) is bounded by 

2 

c 6 ^(|^(^)| P + |yi(^)| 2 ) +c 7 = Pi(M + c 7 . (4.9) 

By (pn~2|) . we find that for P-a.e. w G 17, 

Pl(0 T u) < c 6 e^ |r| r(u;), Vr£l. (4.10) 



It follows from g^-gij]) that, for all t > 0, 

j t (I3\\u\\ 2 + a\\d\\ 2 ) + X(3\\u\\ 2 + a5||v|| 2 + /?||Vn|| 2 + ai \\u\\ p p < Pl {9 t Lo) + c 7 , (4.11) 
which implies that, for all t > 0, 

(/?||n|| 2 + a||£|| 2 ) + Xp\\u\\ 2 + a5\\v\\ 2 < Pl (9 t io) + c 7 . 



Note that r\ = min{A, 5}. We get that, for allt > 
d 



l /II'"'' 

dt 



u\\~ + a\\vf) + T) [p\\uf + a\\v\\ 2 ) < Pl (9 t uj) + c 7 . (4.12) 



By Gronwall's lemma, we find that, for all t > 0, 



|-u(t,a;,no(^))|| 2 + &\\v(t, u, v (uj))\\ 2 

ct 



<e~^ (/?||noM|| 2 + a||i)o(a;)|| 2 )+ f e r >^p 1 (9 T u)dr + ^. 

Jo V 

By replacing u by 9-tU, we get from (|4.13f) and (|4.10p that, for all t > 0, 



(4.13) 



/3||u(t,0_iW,iio(0- t u;))|| 2 +a||v(t,^_iW,{)o(^))|| 2 

< e"* (/?||u (^u,)|| 2 +a|M^)|| 2 ) + f e r '^ Pl (9 T ^)dr +°^. 

Jo V 

< e~* {P\\M0-tu)\\ 2 + a\\vo(8-tu)\\ 2 ) + f J> T Pl {9 T u>)dr 
Ke-* (/?||no(^)|| 2 + a||^ (^)|| 2 )+c 6 J e^r(cj)dr + ^. 

< e-"* (/5||n (^)|| 2 + a|M#-^)|| 2 ) + — r(w) + ^. (4.14) 

T] 1] 

By (pjllD and (I3TTH1) we have 

$(t,uj, (u ,v )(uj)) = (u(t,u,uo(u}) - zi(uj)) + z 1 {9 t uj), v(t,u,v (u;) - z 2 (uj)) + z 2 (9 t u)) . 

So by KW\ we get that, for all t > 0, 

\mt,9- t LO,(u ,v )(9-tu))\\ 2 

= \\u(t,0-tu),uo(9-tcj) - zi(9- t u)) + z 1 (uj)\\ 2 
+\\v(t,9- t u,v (9-tu) - z 2 (9- t uj)) + z 2 (uj)\\ 2 
< 2 1 1 u(t , 9- t u , u (e- t u) - z x (0-tfj) ) 1 1 2 + 2 1 1 z x (u>) 1 1 2 
+2||i)(t,^, W o(^) - z 2 (0_^))|| 2 + 2||z 2 (a;)|| 2 
< 2 f - + ij e"* (/3||«o(0-tw) - zi(#-^)|| 2 + a|M0_ t w) - ^(^cu)|| 2 ) 
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+2||z 1 (a;)|| 2 + 2||z 2 H|| 2 + c 8 r(w) + c 9 

< cioe-* (||u o (0- t a;)|| 2 + \\vo(e- t u)\\ 2 + |M^)|| 2 + IM#-^)|| 2 ) 

+ 2\\ Zl (u;)\\ 2 + 2\\z 2 (u;)\\ 2 + c 8 r(co) + c 9 (4.15) 

Note that ||zi(u;)|| 2 , ||z2(w)|| 2 and {B(uj)} w ^n G 2? are tempered. Therefore, for (no, t>o)(6L t u;) € 
B(9-tu), then there is Tb{oj) > such that for all t > Tb(uj), 

cioe-* (||n (^)|| 2 + \\v (0- t u)\\ 2 + |M^)|| 2 + ||z 2 (^)|| 2 ) < c 8 r(u) + eg, 

which along with (|4.15p shows that, for all t > Tb(cj), 

\\$(t,6- t uj,(uo,vo)(e-tu))\\ 2 <2(||z 1 H|| 2 + ||z 2 M|| 2 + c 8 rH+c 9 ). (4.16) 

Given u G U, denote by 

K{oj) = {(u,v) G L 2 (IR n ) x L 2 (R n ) : ||n|| 2 + |M| 2 < 2 (||ziM|| 2 + \\z 2 (u;)\\ 2 + c 8 r(u;) + c 9 )}. 

Then {K(uj)} u ^q G T>. Further, (|4.16p shows that {K(u))}uen is an absorbing set for <I> in D, which 
completes the proof. □ 

Lemma 4.2. Assume that g,he L 2 (R n ) and (pr3|) - (pT7|) /io/d. let S = {B(w)} we n G P. Then for 
every T\ > and P-a.e. it(t, w, «o( w )) w > u o( a; )) satisfy, for all t > T\, 

I e^\\u(s,9- t uj,u (e^u;)W p ds < ce'* (||n (^)|| 2 + \\v {9^)f) + c(l + r(a,)), (4.17) 

•/Ti 

f e^\\Vn(s,e^,no(0-M)\\ 2 ds < «T* (||n (^)|| 2 + |N(^)|| 2 ) + c(l + r(w)), (4.18) 

where c is a positive deterministic constant independent of T\, and r{uj) is the tempered function 
in (15101) . 

Proof. First replacing i by Ti and then replacing u by 6L t u; in (|4.13p . we find that 

P\\u(T 1: 0„ t u : u {6_ t u))\\ 2 + alKTj.M, v (^))l| 2 

< e"^ (/?||n (^)|| 2 + «||^o(^)|| 2 ) + r e" (T " Tl) Pi(^-^)dr + c 

Jo 
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Multiply the above by e^ Tl *** and then simplify to get that 



e^-V (/3||n(T 1 ,^,no(^))|| 2 + a||5(T 1 ,^a;,«o(^))||^ 



< {P\\u (0-tu)\\ 2 + a\\v (6_ t Lo)\\ 2 ) + / e^"') Pl (e^ t u)dr + ce^~ l \ (4.19) 



By (|4.10p . the second term on the right-hand side of (|4.19p satisfies 



1 en(T-t) pi (e T _ tU } dT= (' 1 e ^ Pl {e T uj)dT 

n J-t 

Ti-t 



<c 6 r(w) / e^ T dr < -cerfwle^^-*). (4.20) 

' 7] 



(u) J e2'''dT < 2 
From KWi - (14201) it follows that 

e^~^ (/3||n(T 1 ,^,n (^))|| 2 + a||«(T 1 ,^a;,i)o(^))|| 2 ) 
< a'* (/?||n (^)|| 2 + a\\v (e. t u:)\\ 2 ) + -c^e^i-i) + ce^^. (4.21) 
Note that (|2TL|) implies, for all i > 0, 

j t (f3\\u\\ 2 + a\\v\\ 2 ) + r, {(3\\u\\ 2 + a\\v\\ 2 ) + /?||Vu|| 2 + ai||«||P < pj(0 t w) + c. 

Multiplying the above by e 77 * and then integrating over (Ti,t), we get that, for all t > Ti, 

/3||ii(i,u;,uo(w))|| 2 + w, £oM)|| 2 

+ T e^ 5 "*) || V«(s, w, uo(^))|| 2 ^ + ai I e^ s ~ l) \\u(s, u, u (u))\\%ds 

<e^-') (/3||n(T 1 , W ,n (u;))|| 2 + a||i)(T 1 ,u;, ? }oM)|| 2 ) 

+ / e^ s -^p x (e s u))ds + c I e^-^ds. (4.22) 



JT! JT! 

Dropping the first two terms on the left-hand side of (|4.22p and replacing to by 6-tu), we obtain 
that, for all t > Ti, 



\\Vu(s, 0„ t u, u Q (0-t"))fds + ai f e^ s ^ \\u{s, B-tU, uo(0-t^))\\lds 

JT\ 

<e"( Tl -*) (/3||n(Ti,^,n (^))|| 2 + a||i)(Ti,^,i)o(^))|| 2 ) 
+ f e^ s -^ Pl (6 s ^ t uj)ds + c T e^'-^da. 
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<e"( Tl -') (/5||n(T 1 ,^,no(^))|| 2 + a||i)(r 1 ,^,i}o(^))|| 2 ) 

+ / e^p x {9 T w)dr + - (4.23) 

By (|4.1(jp . the second term on the right-hand side of (|4.23p satisfies, for t>T\, 

,o ,o 1 2 

/ e r]T p 1 {9 T oS)dT < c 6 r(cj) / e^ T dr < -c 6 r(w). (4.24) 
JTi-t JTi-t V 

Then, using (|QT|) and (l4~24l) . it follows from (l4~23j) that 



f 

e'' 



|| V«(s, uo(e_tu;))f(fa + ai / e^'"*) \\u(s, 9- t tJ, u (9^))\\ p p ds 



< e"* {(3\\u (0-^)\\ 2 + a||S (^)|| 2 ) + c(l + r(a/)). 
This completes the proof. □ 

As a special case of Lemma 14.21 we have the following uniform estimates. 

Lemma 4.3. Assume that g,h G L 2 (W l ) and (pT4"j) - (pTTj) hoW. Xei B = {B(u)} ue n G V. Then for 
P-a.e. well, t/iere exists Tb{oj) > suc/i t/iai /or a// £ > Tb(oj), 

||M(s,0_i_iu;,uo(0-t-iu;))||£ds < c(l + r(u;)), 

t+i 

||V?x(s,^_ t _iw,no^-i-H)|| 2 rfs < c(l + r(a;)), 
where c is a positive deterministic constant and r{u) is the tempered function in (13.101) . 

Proof. First replacing i by i + 1 and then replacing Ti by t in (|4.18p , we find that 

J' +1 e^" 4 " 1 ) || Vu(s, 0_ t _ lWj u (0-t-iu))\\ 2 ds 

< ce-^ +1 ) (||n (^-i^)|| 2 + \\v (0-t-^)\\ 2 ) + c(l + r(w)). (4.25) 

Note that e^"* -1 ) > e - ' 7 for s G [t, t + 1]. Hence from P~25j) we get that 

pt+i 

||Vtt(s, 9-t-iuj, u (9- t -iu)) || 2 o!s 

< ce-^ +1 ) (||n (^-i^)|| 2 + ||^o(^ t -i^)|| 2 ) +c(l + r(a;)). 
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=-»7 



< ce-^+V (\\ Uo (e_ t _ lLO )\\ 2 + \\vo(9- t - 1( j)\\ 2 ) 

+ ce^ i+1 ) {WztiO^u)]] 2 + ||z 2 (^ t _ 1 a;)|| 2 ) + c(l +r(u)). (4.26) 

Since ||ito(u;)|| 2 , ll^oC^)!! 2 ) IkiO^OII 2 an d 11^2(^)11 are tempered, there is Tb(o>) > such that for 
all t > T b (uj), 

ce-^ +1 ) (||u (^-i^)|| 2 + |M#- t -i^)|| 2 + ||,*i(0-*_iu,)|| 2 + ||z 2 (^ t _^)|| 2 ) < c(l + r(u>)), 

which along with (|4.26p shows that, for all t > Tg(o;), 

i-t+l 

||Vu(s, d-t-iuJ, u (d-t-i^))fds < 2e"(l + r(u>)). (4.27) 



Using (|4.17|) and repeating the above process, we can also find that, for t > Tg(u), 

r-t+1 

\\u{s, e.t.nj, u (e-t-iu))\\vds < 2e"(l + r(w)). (4.28) 
Then the lemma follows from ([4T2T]) - (pl~2"g|) . □ 

Lemma 4.4. Assume that g,h G L 2 (M") and ([574" |) -([577 ]1 hold. Let B = {B(u)} ue n G V. Then for 

P-a.e. w G fi, there exists Tb{oj) > such that for all t > Tb(uj), 

t+i 

||Vu(s,0_ t _iw,M O (0-t-iw)|| 2 ds < c(l+r(w)), 



where c is a positive deterministic constant and r(uS) is the tempered function in (|3.10p . 

Proof. Let Tb(cj) be the positive constant in Lemma 14.31 take i > Tb(uj) and s G (i, i + 1). By 
(f37T5]) we find that 

||Vn(s,0_ t _ 1 w,n o (^ t _iw)|| 2 = ||V«(s,e_ t _it4;,tZo(0-t-ia;)) + V^i(0 s _ t _ia;)|| 2 

< 2||Vii( S ,^ t _ lW ,no(^-icu))|| 2 + 2||Vzi(^_i^)|| 2 . (4.29) 

By (f3TT2"j) we have 

2\\Vz 1 (6 m uj)\\ 2 = 2||V0 1 || 2 |y 1 (^ 1 ^ 1 )| 2 < ce^ t+1 -^r(u) < celr(u). (4.30) 

Now integrating (|4.29p with respect to s over (t, t + 1), by Lemma [4.31 and inequality (|4.30p . we get 
that 

t+i 

||V«(s,^_ia;,«o(^-t-iw)|| 2 ds < c x + c 2 r{uj). (4.31) 



Then the lemma follows from (|4.3ip . □ 
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Next, we derive uniform estimates on u in H (W l ). 

Lemma 4.5. Assume that g,he L 2 (R n ) and (pT4"]l - (pr7|) hold. Let B = {B(uj)}u e n G P. Then for 
P-a.e. w € CI, there exists Tb(oj) > suc/i t/icrf for all t > Tb(cj), 

||Vu(i, 6-tV, u Q {9^ t uj))\\ 2 < c(l + r(w)), 

where c is a positive deterministic constant and r{uj) is the tempered function in (|3.10p . 

Proof. Taking the inner product of f)3. 13j) with AS in L 2 (R n ), we get that 

- — llVnll 2 + A||Vn|| 2 + IIAttll 2 

= a(v,Au)- f(x,u)Audx-(g + Az 1 (9 t uj)-az2(9 t Lu),Au). (4.32) 
it™ 

Note that the first term on the right-hand side of (|4.32j) is bounded by 

a|(v,Aii)| < a||u||||Ait|| < ^||An|| 2 + a 2 ||£|| 2 . (4.33) 
For the nonlinear term in (|4.32j) . by (|3.5p - (j3.7p . we have 

f(x,u) Audx = — I f(x,u) Audx + / f(x,u) Az\{0toj)dx 



df f df f 

— (x,u)Vudx+ / — — (x, u) \Vu\ 2 dx + / f(x,u)Azi(9tUj)da 
n dx J Rn du J Rn 

< ||^3||||V«|| + (3\\Vu\\ 2 + [ \f(x,u)\\A Zl (6 t u;)\dx 



< llVsllllVull +l3\\Vuf + a 2 / \u\ p - 1 \A Zl {e t u)\dx + / \ifa{x)\ \Az x {O t uj)\dx 



< c\\Vu\\ 2 + — I \u\ p dx + — \Azi(e t oj)\ p dx + c(U 2 \? + + cHAzx^)!! 2 . 

Q JR n P JM™ 

< c{\\Vu\\ 2 + ||«||P) + c (||A*i(0 t a;)ll 2 + WAzxiOtuWp + 1) . (4.34) 
On the other hand, the last term on the right-hand side of (|4.32p is bounded by 

\(g,Au)\ + |(A*i(0 t a/),Ait)| + a\(z 2 (e t u), Au)\ 

< ±\\Au\\ 2 + c {\\g\\ 2 + IIAzx^)!! 2 + IMMf) • (4-35) 
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By we get that 

< 2a 2 \\v\\ 2 + c (||Vn|| 2 + \\u\\f) + c (||A*i(0 iW )l| 2 + ||Asi(0 t w)ll? + IMMf + x ) • ( 4 -36) 



^||Vu|| 2 + 2A||Vu|| 2 + ||Au|| 2 



Let 

pa^tw) = c (HAziCMH 2 + ||A*i(0 t w)||* + \\z 2 {0 t u)\\ 2 + l) . (4.37) 

Since zi(9 t u) = 4>xyx{6 t uJx) and z 2 {6 t uj) = (j> 2 y 2 {6 t u 2 ) with fa G # 2 (IR n ) n VF 2 'P(M n ) and 2 G 
// 1 (R n ), we find that there are positive constants c\ and c 2 such that 

2 

p 2 (M < Cl (l%(^i)l 2 + \yj(0t^)\ p p ) + 02, 

3=1 

which along with (|3.12p shows that 

p 2 {6 t uj) < cxe^r(uj) + c 2 , VfGl. (4.38) 



By l[OB|) - lj07j) . we find that 



dt 



||Vu|| 2 < c (||Vu|| 2 + \\u\\p + ||£|| 2 ) +p 2 (M- ( 4 -39) 



Let Tb{uj) be the positive constant in Lemma [4,31 take t > Tb{oj) and s G + 1). Then integrate 
(f¥T39]) over (s, t + 1) to get 



t+i 

2 



\\Vu(t + l,u,u (u))\\ 2 <\\Vu(s,u,u (u))\\ 2 + J p 2 {6 T u)dr 
j-t+1 

+c J (||VM(r,o;,uo(a;))|| 2 + \\u(t,u,u (cj))\\1 + \\v(t,u,v (uj))\\ 2 ) dr 

rt+l 

< \\Vu(s,lu,u (u))\\ 2 + J p 2 {9 T uj)dT 

rt+l 

+c J (\\Vu(t,lu,u {lu))\\ 2 + \\u(t,u,u (uj))\\p + \\i(T,LU,vo(Lu))\\ 2 ) dr. 
Now integrating the above with respect to s over (t, t + 1), we find that 

rt+l rt+l 

\\Vu(t + 1,uj, u (uj))\\ 2 < \\Vu{s,uj,uo{uj))\\ 2 ds+ p 2 (6 T u)dT 

Jt Jt 

rt+l 

+c / (\\X7u(t,uj,u (uj))\\ 2 + \\u(t,u,u (u))\\p + \\v(t,uj,v (uj))\\ 2 ) dr. 
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Replacing uj by 9—t—V^-, we obtain that 

\\Vu(t + l,9- t -HO,u ^-t-i^))\\ 2 
rt+l rt+l 

< / ||Vtt(s, 0-t-iu,uo 

Jt Jt 

rt+l 

+ C / {\\Vu(T,0-t-lt» 

rt+l 

+ cj^ WviT^-t^uMO-t-i^fdT. (4.40) 
By Lemmas S3] and i31 it follows from (fiHij) and ([438]) that, for all t > T b (uj), 

r0 

|| Vu(t + l,9- t -lU,Uo(6-t-iu))\\ 2 < c 3 + c 4 r(w) + / p 2 (9 s uj)ds 



< c 3 + c 4 r(uj) + J (cie 2 s r(u) + c 2 ) (is < c 5 + c 6 r(u;). (4.41) 
Then by (l4H| and (13T5D . we have, for all t > Tb(o;), 

\\Vu(t + l,6^t-HO,u (9^ 1 io)\\ 2 = ||Vu(t + l,^_ 1 cu,n (^-iw)) + Vzi(cu)|| 2 

< 2||Vfi(t + 1, 9-t-lu,u (0-t-lu))\\ 2 + 2||VziH|| 2 < c 7 + c 8 r(o/), 
which completes the proof. □ 

Lemma 4.6. Assume that g,he L 2 (R n ) and (pT4>(pT7]l /io/d. Ze£ £ = {£(o;)}u;efi G P. Then for 
every e > and P-a.e. uj £ tt, there exist T = Tb(uj, e) > and i? = i?(w, e) > such that for all 
t > T, 

/ (\u{t, 6-tco, UQ(9-tuj))\ 2 + \v(t, 9-toJ, v (9- t uj))\ 2 ) dx < e. 

J\x\>R 

Proof. Let p be a smooth function defined on R + such that < p(s) < 1 for all s S M + , and 



for < s < 1; 

1 for s > 2. 



Then there exists a positive constant c such that |p'(s)| < c for all s £ R + . 
Taking the inner product of f)3. 13|) with (3p(^r)u in L 2 (R n ) we find that 

1 d f l*^| 2 /" l^| 2 f l^| 2 /" l*^| 2 

/3— / p(— ^-)\u\ 2 dx + A/3 / p(— ^-)|tt| 2 d3; — /3 / p(—^)uAudx + a/3 / p(—^-)uvdx 



2 (i£ Jm. u ^ 2 Jm.™ ^ 2 ./iR? n ^ 2 Ji$ n k 2 
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f \x\ 2 f \x\ 2 

= P f(x,u)p(— T )udx + (3 (g + Az\(O t uS) - az 2 (8 t uj)) p(— r )udx. 
Jm. n to Ju n to 

Taking the inner product of (|3.14p with ap(^j r )v in L 2 (R n ) we find that 

a— / p{—pr-)\v\ 2 dx + a.5 I p(—^-)\v\ 2 dx — af3 / p{—pr-)uvdx 



2 dt k 2 jM. n Jw. n ^ 2 

= a p(—^-)hvdx + a(3 / p(— 2 -)zi(9 t uj)vdx 
Adding P~2|) and P~3j) . we obtain that 

+A/3 / p(— g-)|u| 2 da3 + aS / p(— 5-)|v| 2 dx - (5 I p(—r-)uAudx 

= /9/ f(x,u)p(— r )udx + (3 (g + Azi(6 t Lu) - az 2 (0 t uj)) p(-r^)udx 

/" Ix'P f \x\ 2 

+ a p{—r^)hvdx + a/3 l p(-^-)zi(6tu)vdx. 

jR n to Jjjn k 

We now estimate the terms in (|4.44p as follows. First we have 

-(3 / p(—^-)uAudx = [5 / \Vu\ 2 p(— —)dx + (3 I up\—^-)—^-Vudx 

Jw k J^n k J^n k k 

2 



f \x\ f \x\ 2x 

P I \Vu\ 2 p{ ] -\ r )dx + 13 / _ up'(i-i-)— -Vudx. 

Jr™ k Jk<\x\<V2k to to 



>k<\x\<V2k 

Note that the second term on the right-hand side of (|4.45p is bounded by 



01 / • Vtidxl < ^(3 [ \u\ \f/&)\ \Vu\dx 

Jk<\x\<V2k K k k Jk<\x\<V2k K 

<~ f \u\ \Vu\dx < j(\\uf + ||Vu|| 2 ). 
to 7m« k 

By (05ll - (i06l) . we find that 

-P [ p&uAudx >P f \Vu\ 2 p&dx - j(\\u\\ 2 + \\Vu\\ 2 ). 

JR n to J^n K K 



For the nonlinear term in (|4.44[) . we have 



I 1 9 {■ i i o i 1 2 



/3 / f(x,u)p(— r )udx = P f{x,u)p(— r )udx-P f(x,u)p(— T )zi(9 t uj)dx. 

to JR« ft Jjjn K 
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By (|3.4p , the first term on the right-hand side of ([4.480 is bounded by 

(3 1 f(x,u)p(— r )udx<-ai(3 \u\ p p(— r )dx + (3 / if) 1 p(— r )dx. 

JR™ fc JR" fc JR™ fc 

By (|3.5p . the second term on the right-hand side of (|4.48p is bounded by 

0\ / f(x,u)p(—) Zl (O t uj)dx\ 

r I |2 r I |2 

<a 2 /?/ |nr 1 / o(TT)ki(MI^ + /5 / IV^t^MMI^ 

7l»n "J ./IB" K 



1 /" Ixl 2 /" \x\ 2 
<-ocxP \u\ p pC-rr)dx + c \zi(9tu)\ p 'pC-j^-)dx 

l Jjgn ft J R n ft 

+ 1/3 [ \ Zl (e t u)\ 2 P &dx + \(3 [ ^p&dx. 

2 J Rn k 2 2 J Rn k l 



Then it follows from (|Q5]) - (|43Dj) that 



PI f(x,u)p(— T )udx<--a 1 P \u\ p p{— T )dx + (3 / ^ 1 p(— r )dx 

JM" K l J%n ft Jjjn ft 

+ W ^Ip^dx + cf (|^(Ml p + ki(MI 2 )p(tf)^- 

/ Jr« ft Jr« ft 

For the second term on the right-hand side of (|4.44|) . we have that 

f \x\ 2 
P\ / (g + Azi(6tu) -az 2 {9 t uj))p{ ] -\ r )udx\ 

^l X P f p( l S)\u\ 2 dx + c [ ( g 2 + \Az l (9 t u;)\ 2 + \z 2 (9 t u J )\ 2 )p(^)dx. 
2 J Rn k l J Rn k l 

For the last two terms on the right-hand side of (|4.44|) . we find that 

Ixl 2 ,. . „ f ,\x\ 2 



a / p{—^)hvdx + af3 j p(—^)zi{6 t u))vdx 

JR n & if™ & 

<^W P(S)l^| 2 ^ + c/ p(^)(|z 1 (^)| 2 + l^| 2 )^- 

Z Jjgn ft Jjgn ft 

Finally by (g3D, dOTll and (l43TTl - (l4T53l) . we obtain that 



+ P{~pr)\u\ dx + -a5 I p{-r^)\v\ 2 dx 

£ ./lEPn ft Z ./ran ft 
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+-OH0 f p&\u\Vdx + fif p&\Vu\ 2 dx 

< j(\\Vu\\ 2 + ||u|| 2 ) + c / (|^| + |^ 2 | 2 + g 2 + h 2 ) p&dx 

+ c [ (|Azi(^cu)| 2 + |zi(M| 2 + \zi(etu)\ p + \z2{O t u)\ 2 ) P$r)dx. (4.54) 
Jr" fc 

Note that (14.541) implies that 

P / p(-p r )\u\ 2 dx + a I p(-p r )\v\ 2 dx 



I x\ ^ /* I x I ^ 

+ r l [ P I p{-j^r)\u\ 2 dx + a / p(-^2-)|ti| 2 dx 



< ^(11 Vu|| 2 + ||n|| 2 ) + c / (|^| + |^ 2 | 2 + g 2 + h 2 ) p&dx 

+ c [ (|Az!(^)| 2 + |zi(M| 2 + |*i(MI P + MMI 2 ) P(tP)^- (4-55) 
By Lemmas 14. II and 14.51 there is T\ = T\{B : uS) > such that for all t > Ti, 

\\u(t,0_ t u;,u (e„ t u))\\ 2 H i m <c(l + r(u)). (4.56) 

Now integrating (|4.55p over (Ti,i), we get that, for all t > Ti, 

f I ^ 1 2 f I 1 2 

^ / /°(T2")l s ( t ' a; '^o(w))| 2 dx + a / p(— ^)|tj(t,cj,6 (w))| 2 <ix 

JR™ ft jRn K 

- eV(Tl ~ t] (/?^ n P(^)l^m^^oM)| 2 ^ + a^p(^£)| V (T 1 , W ,{)oM)| 2 dx 
+ 1 f_ eV{S ~ t] (l|Vn( S ,u;,noM)|| 2 + ||u(s,u;,uoM)|| 2 ) ds 



Ti 

t 



+c I e^-*) 



f \x\ 2 

/ + \H 2 + 9 2 + h 2 ) pC-±)dxds 



+ c f [ (|Azx(^ W )| 2 + |zi(#^)| 2 + \zx(9 s u)f + |^(0 s u,)| 2 ) p(^-)dxds. (4.57) 

Replacing u by #-tu;, we obtain from (|4.57p that, for all t > Ti, 

/* | x | 2 /" | x| 2 

/? / p(— 2-)|u(t,^_ t u;,no(6 , _ i a;))| 2 dx + a / /)(— — 6L t w, ?)o(#-tw))| 2 dx 

JR" ft JR™ fc 

<^m- t ) /" p (^)|n(T 1 ,^,n (^))| 2 (ix 
Jr™ ft 2 
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W (7W) [ p&\v(T 1: 9- t uj,v o (0-tu))\ 



2 dx 



+1 I e^ s -V\\X7u(s,6- t u;,uo(8-tu))\\ 2 d S 



+ .£ / e rt s -V\\u(s,e- t u,u (0-tu))\\ 2 ds 
k J Tl 

+cf [ ^i + ifof + f + h^p^fads 



X\ 2 



+ c e^"*) / (|Az 1 (^_^)| 2 + |z 1 (^_^)| 2 + |z 1 (^ W )r + |z 2 (^_^)| 2 )^(L^)dxd S . (4.58) 



k 2 

In what follows, we estimate the terms in (|4.58p . First replacing t by T\ and then replacing uj by 
B-tu in (|4.13j) . we have the following bounds for the first two terms on the right-hand side of (|4.58jh 

fie^~^ I p(^)|n(T 1 ,^u;,no(^a;))| 2 dx 



k 2 

+ae" (TW) [ p(^)\v(T 1: 9- t u;M0-tu))\ 2 dx 
<e^ Tl -*) (V" Tl (/?||i2o(^)|| 2 + a||^o(^)|| 2 )+^ T ^^ Tl Vi(^-^)dT + C 

< {I3\\u (0-t^)\\ 2 + a\\v (e- t u)\\ 2 ) + F e^ T -^ Pl (e T - t u)dr + ce^ T ^ 

Jo 

< e"* (f3\\u (0-tu)\\ 2 + a\\d (6__ t u;)\\ 2 ) + F ' Pl (e T u)dr + ce^ T ^ 



t 

< e^^P\\M0-t^)\\ 2 + a\\v (0-t^)\\ 2 ) + ' e^c^r(u)dr + ce"^"*) 

< e"* (/3||n (^^)|| 2 + a||^ (^^)|| 2 ) + ^c 6 r(u;)e^ T ^ + ce^ 1 ^ (4.59) 

where we have used (|4.10p . By (|4.59p . we find that, given e > 0, there is T 2 = (B,u;,e) > T\ such 
that for all t > T 2 , 

^ ^ (X« / ° ( ^ 2 ~ ) ^' " (Tl ' ?2o( ^^ ))|2 + ^C 2 !^-^' So(0-t"))| 2 ) dx) < e. (4.60) 
By Lemma 14.21 there is T3 = T^(B,uj) > T\ such that the third term on the right-hand side of 
(14381) satisfies, for all t > T 3 , 

C - jf || Vu(s, 9- t u, u o (0-tu))\\ 2 ds < |(1 + r(o;)). 
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And hence, there is R± = Ri(uj, e) > such that for all t > T3 and k > R\, 



t 

e A (»-*)||Vv(a,0_ t w,tto(0_ t w))|| 2 ds < e. (4.61) 



First replacing t by s and then replacing uj by in (I4,13|) . we find that the fourth term on the 
right-hand side of (j4.58[) satisfies 



e^ s -^\\u{s,e^ t uj,u {6^))\\ 2 ds 



Ti 



'ill ^ ^H^^-^ll 2 + <*\M9-t«>)\\ 2 ) ds 

+y ! e^'-Q f ' e v{T - s) Pl {e T - t Lo)dTds + ^ f e x( - s - t] ds 
« Jti Jo k M 

< ° e -*( t _ Tl ) (/5||n (^)|| 2 + a\\vo(0^)\\ 2 ) 

+1 + 1 f T £ e^-^ Pl (e T ^)dTds 

< £ e -*( t _ Tl ) (/Jllno^)!! 2 + a\\v {e^)\\ 2 ) 



+T. + T I T e^ Pl (9ru)drrda 
k k .lj> J_ t 



c c /"* 1 

+ 7 + 7 r(w) / / ez^drds 

JTi J-t 



k k 



which shows that, there is T4 = T±(B,ui,e) > T\ and R2 = i?2(w,e) such that for all t > T4 and 

ft 

e"<"-*> ||u(s, u {6_ t uj))\\ 2 ds < e. (4.62) 

Note that G I^QR") and ip 2 ,g,h G L 2 (M n ). Therefore, there is R 3 = R 3 (e) such that for all 
k> R3, 

[ (|^l| + |^2| 2 + M 2 + l^| 2 )^<e- 

J\x\>k 

Then for the fifth term on the right-hand side of (|4.58|) . we have 

t r ui2 



c e 



/ {\^\ + \^\ 2 + \9\ 2 + \h\ 2 )p&)dxds 
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< c f e^-V [ + \H 2 + bl 2 + H 2 ) dxds < ce f e^'^ds < ce, (4.63) 

JT X J\x\>k JT X 

where c is independent of e. Note that and fa £ H 2 (R n ) n W 2 > p (IR n ) and 2 G fl' 1 (R n ). Hence 
there is -R4 = R±(oj, e) such that for all k > i?4, 

/ (|«M*)| 2 + 101 + |A<Mx)| 2 + I02(x)| 2 ) < (4.64) 

where r(uj) is the tempered function in (|3.10p . By (|4.64|) and (|3.10p - (|3.1ip . we have the following 
bounds for the last term on the right-hand side of (|4.58p : 

< I 1 [ (\A Zl (O s - t u)\ 2 + \z x {e s „ t u)\ 2 + \ Zl {e s „ t u)\v + \ Z2 (9 s - t u)\ 2 ) P &dxds 



Ti 

t 



k 2 

< c I / {\A Zl {9 s _ t u)\ 2 + \ Zl (9 s _ t u)\ 2 + \ Zi (6 s ^u)\p + \z 2 (9 s ^)\ 2 ) dxds 

JTx J\x\>k 

< c f e"(-*) f (\Afa\ 2 \yi(9 s - t ui)\ 2 + \fa\ 2 \yi(9 s ^ t uj 1 )\ 2 + \<l>i\*\yi(e a -m)\ p + |0 2 | 2 |y 2 (# s -^ 2 )| 2 ) dxds 

JTi J\x\>k 

< f e v(s-t) J- (\y j (9 s . t co J )\ 2 + \y,(9 s ^ t co 3 )\ p ) ds<-^f e^r(9 s - t Lo)ds 

ce f° ce f° 1 

< — - / e r,T r(9 T iv)dT < — — / e^ T r(uj)dT < ce. (4.65) 
r{u) J Tl _ t r{u) J Tl _ t 

Let T5 = T^(B,uj,e) = max{Ti, T%, T3, T4} and R$ = i?s(o;,e) = max{Ri, R2, R3, -R4}. Then it 
follows from (14T58D . (|4T60]) - (l4T65]) that, for all t > T 5 and fc > R 5 , 

f I X I ^ /* I X I ^ 

/3 / p(-^)\u(t,9_ t uj,uo{6-t^))\ 2 dx + a p(— T )\v(t,9_ t uj,v (9_t^))\ 2 dx<ce, 
where c is independent of e, and hence, for all i > T5 and k > R§, 

/ _ (/3|«(£,#_iW,u (#-^))| 2 dx + a\v(t, 9-ttu,v (9- t u))\ 2 ) dx < ce. 

J\x\>V2k 

This completes the proof. □ 

We now derive uniform estimates on the tails of u and v in L 2 (R n ). 

Lemma 4.7. Assume that g,h G L 2 (M n ) and (|3T4]) - (|3?fjl hold. Let B = {B(u)} ue n £ V. Then for 
every e > and P-a.e. u G Vt, there exist T = Ts(uj,e) > and R = R(u,e) > such that, for all 
t > T, 

(\u{t,9_ t uj,uo{9^ t uj))\ 2 + \v(t,9_ t u,v (9^ t uj))\ 2 ) dx < e. 



L 



\x\>R 
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Proof. Let T and R be the constants in Lemma 14.61 By (|4.64|) and (|3.10p we have, for all t > T 
and k > R, 

(|zxH| 2 + \z 2 {u:)\ 2 ) dx = [ (\Mx)\ 2 \yi("i)\ 2 + l02(x)| 2 |y 2 ( W2 )| 2 ) dx 
\x\>R J\x\>R 

< (|yi(o;i)| 2 + I2/2MI 2 ) < e. (4.66) 
Then by (I4.66P and Lemma 14.61 we get that, for all t > T and k > R, 

(\u{t,6„ t LU,U (8„ t Lj))\ 2 + \v{t,6„ t LU,V {9^ t Lj))\ 2 ) dx 

\x\>R 

(\u(t,O- t uj,uo(0-tv)) + zi(lo)\ 2 + \v(t,9- t u,vo(Q-tu)) + z 2 (uj)\ 2 ) dx 

\x\>R 

< 2 / (|uM_^,u (#- t u;))| 2 + |w(t,^_ t w,w (^))| 2 + kiHI 2 + 22MI 2 ) ^ < 4e, 

i|x|>i? 

which completes the proof. □ 

Note that equation (|3.14p has no any smoothing effect on the solutions, that is, if the initial 
condition vo(u) is in L 2 (M. n ) only, then for any t > 0, v(t, to, vo(lj)) only belongs to L 2 (R n ), but not 
H 1 (W l ). Therefore, the compactness of Sobolev embeddings cannot be used directly to derive the 
asymptotic compactness of the solution operator. To overcome the difficulty, we need to decompose 
the solution operator as in the deterministic case. Let v\ and v 2 be the solutions of the following 
problems, respectively, 

~~3t 



<®± + Sv 1 = 0, 



(4.67) 
I #i(0) = «o> 

and 

f <§-+6v 2 = l3u + h + pz 1 (etu), 

(4.68) 

I V2(P) = °" 

Then we find that v = v\ + v 2 . Let (uq(u), Vo(u)) £ B(lu) with {B^oj^^en £ V, and vo(u>) = 
vo(lo) — z 2 (co). Then the solution v±(t, u, vo(&)) of (|4.67[) satisfies that 

||ui(i,u;,uo(w))|| 2 = |«i(t,«,t)o(w) - ^(w))|| 2 = e~ St \\v (uj) - z 2 (id)\\ 2 , 

and 

||5i(t,0_ t u;,uo(0_ t w) - z 2 (^ t w))|| 2 = e-*||*D(0_ t w) - z 2 (^)|| 2 0, as f -> 00. (4.69) 
On the other hand, for the solutions of problem (|4.68|) . we have the following estimates. 
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Lemma 4.8. Assume that g G L 2 (R n ), h G i? 1 ^"), and (pO ]) -(pTT |) ZioW. Ze£ £ = {£(u;)} we n G 
D. T/ien /or P-a.e. uj £ ft, there exists T = Tb{oj) > suc/i i/iai /or aZZ t >T, 

\\Vv 2 (t,e- t u,0)\\ <c(l + r(w)), 

where c is a positive deterministic constant and r(ui) is the tempered function in (|3.10p . 

Proof. Taking the inner product of (|4.68|) with Av 2 in L 2 (M n ), we get that 

™ II Vi5 2 1| 2 + <5|| Vw 2 1| 2 = -P(u, Av 2 ) - (h, Av 2 ) - 0(zi (9 t u), Av 2 ). (4.70) 

Note that the first term on the right-hand side of (14.701) is bounded by 

1 2ft 2 

m^v 2 )\<{3\\Vu\\\\Vv 2 \\ < -5||Vi) 2 || 2 + ^H|Vu|| 2 . (4.71) 
For the second term on the right-hand side of (|4.70p . we have 

\(h,Av 2 )\ < IIV^IHIV^II < ±S\\Vv 2 f + ^\\hf H1 . (4.72) 

The last term on the right-hand side of (|4.70p is bounded by 

1 9 ft 2 1 

f3\\V Zl (6 t u;)\\\\Vv 2 \\ < ^iV^f + ^-UVz^MII 2 < -5\\Vv 2 \\ 2 + c^O^ 2 . (4.73) 

00 o 
Then it follows from (j4T70j) - (j4T73|) that 

j t \\Vv 2 \\ 2 + 5\\Vv 2 \\ 2 < c + c\\Vu\\ 2 + cly!^)! 2 , 
which implies that, for all t > 0, 

^||V£ 2 || 2 + r,\\Vv 2 \\ 2 < c + c\\Vu\\ 2 + clyi^x)! 2 . (4.74) 

Integrating (|4.74j) on (0,t), we obtain that, for all t > 0, 

||Vv 2 (*,^,0)|| 2 < c f erts-t) ds + c r e ^^)||v-u(s,a;,n (cj))|| 2 ds + c f e r '^ \yi{9 s u{)\ 2 ds 
Jo Jo Jo 

<- + c I e^ s -V\\V u ( s ,u,uo(u))\\ 2 ds + c f e^ s ~^ \ yi {9 ^ ds . (4.75) 
V Jo Jo 
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Replacing to by 9-tU) in (|4.75p . by (|3.12p and Lemma 14.21 we get that, for all t > 0, 

\\Vv 2 (t,9^,0)\\ 2 < - + c [\ r >^\\Vu( S ,e^ t Lj,u (8-M)\\ 2 ds + c f e^-^y^Os-tU^ds 
V Jo Jo 

< aT* (||u (^)l| 2 + \\v (0^)\\ 2 ) +c(l + r( W )) + c J° e^^u^dr. 

< or* {\\u (0-tu)\\ 2 + \\v (e- t u)\\ 2 ) + c(l + r(w)) + cr(u;) | e^dr. 
< ar* (||n (^)|| 2 + ||£ (#-^)|| 2 ) + c(l + r(u,)), 
which shows that there is Ti > such that for all t > Tj, 

||V6 2 (t,#_^,0)|| 2 < 2(l + r(w)). 

The proof is complete. □ 

5 Random attractors 

In this section, we prove the existence of a P-random attractor for the random dynamical system 
$ associated with the stochastic FitzHugh-Nagumo system on R n . To this end, we first establish 
the P-pullback asymptotic compactness of 

In the sequel, for every t G R + ,uj G Q and (uo,v ) G L 2 (R n ) x L 2 (IR n ), we denote by 
*i(t J w,(«o,^)) = (0, vx(t,uj,v -z 2 (uj))) G L 2 (R n ) xL 2 {R n ), 

and 

<f> 2 (t,u,(u ,v )) = (u(t,u, uq), v 2 (t,u,0)+z 2 (e t uj)) G L 2 (M n ) x L 2 {R n ), 

where u(t, oj,uq) is given by (|3. 15|) . V\(t, lo,Vq — z 2 {uj)) is the solution of (|4.67[) with Ci(0) = 
v o ~ z 2(u), an d v 2 (t,uj, 0) is the solution of (|4.68p with 7)2(0) = 0. Then we find that 

$(t,u, (n , «o)) = («o,vo)) + $2(t,u, (uq,v )). 

The P-pullback asymptotic compactness of <3? is given by the following lemma. 
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Lemma 5.1. Assume that g G L 2 (R n ), h G ^(IT) and (pQ^ - tpTTj) ZioZd. T/ien t/ie random 
dynamical system $ is V-pullback asymptotically compact in L 2 (R n ) x L 2 (R n ); i/ia£ is, /or P- 
a.e. w G fi, i/ie sequence {$(i n , 6L tn w, («o jn (#_t n tc>), t>o jn (#-t n w))} has a convergent subsequence 
in L 2 {W n ) x L 2 (R n ) provided t n ^ oo, B = {B^j^u G 2? and (uo, ft (0-t n w),tto,„(0_t I ,aO) G 

Proo/. Suppose that t n -> oo, £ = {P(w)} wen G £> and (u 0) n(9-t„v), Vq^-^u)) £ B{9- tn u). 
Then by Lemma 14.11 and (14.69D . we find that, for P-a.e. u E CI, 

{$ 2 (t n , 9_ tn LU, (u o ,n(0-t^), v 0>n (e-t n u)))}™ =1 is bounded in L 2 (R n ) x L 2 (R n ). 

Hence, there is (^1,^2) G L 2 (IR n ) x L 2 (IR n ) such that, up to a subsequence, 

<I> 2 (t n ,^ n a;,(no, n (0- t ^),t;o,n(0-t^)))^(6,e2) weakly in L 2 (R n ) x L 2 (R n ). (5.1) 

In what follows, we prove the weak convergence of (|5.ip is actually strong convergence. Given e > 
by (|4.69|) and Lemmas I4.6ti4.7l we find that there is T\ = Ti(B,u;,e) and Ri = Ri{uj,e) such that 
for all t >Ti, 

[ \$ 2 (t,8_ t uj,(uo(9-tuj),v (6^L;)))\ 2 dx<e. (5.2) 

J\x\>Ri 

Since t n — > 00, there is N\ = N\(B,uj, e) such that t n > T\ for every n > N\. Hence it follows from 
([52D that for all n>Nx, 

/ \$2(t n ,9- tn uj, (u . n (9^ tn uj),vo in (9-t n uj)))\ 2 dx < e. (5.3) 

J\x\>R 1 

On the other hand, By Lemmas 14. 1| 14.51 and 14.81 there is T2 = T2(B,uj) such that for all t > T2, 

\\$ 2 (t,9- t iJ,(uo(9- t uj),vo(9- t ij)))\\ 2 H1{Rn)xH1{Rn) < c{l + r{v)). (5.4) 

Let N 2 = N2(B,uj) be large enough such that t n > T2 for n > N2. Then by (|5.4p we find that, for 
all n > N 2 , 

||*a(*n, 9„ tn uj, (u O) n(0-t„u),v Q)n (9_ tn uj)))\\ 2 Hl{Rn)><Hl{Rn) < c(l + r(u>)). (5.5) 

Denote by = {x G R n : |x| < Ri}. By the compactness of embedding if 1 (<5_R 1 ) x H 1 (Qji 1 ) •— ► 
^(Qri) x ^ 2 (Qi?i)i it follows from (|5.5|) that, up to a subsequence, 

(0_*„u;))) - (6,6) strongly in L 2 (Q Kl ) x L 2 (Q Rl ), 
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which shows that for the given e > 0, there exists N% = Ns(B,u), e) such that for all n > N3, 

\\$2(tn,0-t n UJ,(u 0tn (8^ tn Lj),Vo tn (6- tn Lj))) - , £,) ^(q^ ) x L 2 (Q^ ) < 6. (5.6) 

Note that (£i,£ 2 ) G L 2 (M n ) x L 2 (R n ). Therefore there exists R 2 = R 2 (e) such that 

{Mx)\ 2 + \Ux)\ 2 )dx<e. (5.7) 



l\x\>R 2 

Let = max{i?i, R 2 } and ./V4 = max{iVi, JV3}. We find that 



||^2(in,6'-t n W,K,n(6 l -t n w),Uo,n(6l_ tn a;))) - (6,6)|| L 2 (Rn)xi 2( R „) 

(^ tn ^)))-(6,6)l 2 dx 

+ / \<5> 2 (tn,0- tn UJ,(uo,n( 9 -t n u),Vo,n( d ~t n u))) - fa,&)\ 3 dx 

J\x\>R 3 

< / \$> 2 (t n ,9- tn Lj,(u 0tn (6-t 

(0- tn a,)))-(£i,6)| 2 dz 

J|x|<R 3 



+2 / |$ 2 (t n ^_ t ^,( U o,n(^-t^)^0,n(^ n w)))| 2 (ix + 2 / (|6(X)| 2 + |6(^)| 2 ^ 

J|x|>R 3 J|x|>_R 3 

By ([OD , (|5l)|) - (f577j) . it follows from the above that, for all n > N4, 



\\<S>2{t n ,0-t n u,(uo !n (9- tn u;),VQ >n (6- tn uj))) - (6, 6)|||2 (M n )xL 2 (Rn) < 5e, 
which shows that 

$ 2 (i n ,0_ tri u;, («o I n(e-t n a;),« , n (e_ tn w))) - (6,6) strongly in L 2 (M n ) x L 2 (R n ). (5.8) 
On the other hand, we have 

1 1 $ (tn , 6U„^, (u ,„ (0- tn W), ^ ,n (#-t n ) ) - (f 1 , 6 ) 1 1 L2 ( R „) x L 2 ( R n) 

< \\^ 2 (t n ,0- tn uj, (uo in (9-t n u),v 0tn (9- tn uj))) - (6,6)IIl 2 (r™)xl 2 (r™) 

+ ||$l(i n ,0_i„U>, (n ,n(6 l -t n W),U0,n(6'--t n W)))|| L 2( R n) xL 2( R n) 

< ||$ 2 (*n,6'-t n W, («o,n(^-t B w),WO,n,(^-tnW))) - (£1 , 6) ||l2(K«)xZ, 2 (K«) 

+pi(t n ,6'_ tn a;,vo,n(^-t n ^) - 22(0-i n w))||£2 (R «) X £2( R «) 
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< \\$ 2 {tn,0-t n UJ, {u^ n {6_ tn U),V^ n (6_ tn Uj))) - (6,6)IIl 2 (R")xL 2 (R™) 



+ e 



-St, 



V ,n(0-t n u) - Z 2 (0-t n u))\\ L 2(^ n) 



(5.9) 



Then, by (IOTP . (I5T8|) and ([53]) we find that 



®(t n ,6- tn U), (u O ,n(0-t n u),Vo,n(Q-tnU))) ~ (6 , 6) II L 2 (R») X L 2 (R«) 0, 



which completes the proof. 



□ 



We are now in a position to present our main result: the existence of a P-random attractor for 
$ in L 2 (R n ) x L 2 (R n ). 

Theorem 5.2. Assume that g G L 2 (R n ), /i G fl" x (R n ) and d33D-(I23D froM. T/ten i/ie random 
dynamical system Q has a unique T> -random attractor in L 2 (IR n ) x L 2 (M n ). 

Proof. Notice that <3? has a closed absorbing set {X(u;)} we n in 2? by Lemma 14. 11 and is P-pullback 
asymptotically compact in L 2 {W a ) x L 2 (M n ) by Lemma 15.11 Hence the existence of a unique T>- 
random attractor for <E> follows from Proposition 12.81 immediately. □ 
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